FINITE GROUP ACTIONS AND G-MONOPOLE CLASSES 
ON SMOOTH 4-MANIFOLDS 



CHANYOUNG SUNG 

Abstract. On a smooth closed oriented 4-manifold AI with a smooth 
action by a compact Lie group G, we define a G-monopole class as an 
element of H^{A4;'Z) which is the first Chern class of a G-equivariant 
Spin'' structure which has a solution of the Seiberg-Witten equations for 
any G-invariant Riemannian metric on AI. 

We find Zfe-monopole classes on some Z^-manifolds such as the con- 
nected sum of k copies of a 4-manifold with nontrivial mod 2 Seiberg- 
Witten invariant or Bauer-Furuta invariant, where the Z^-action is a 
cyclic permutation of k summands. 

As an application, we produce infinitely many exotic non-free actions 
of Zfe © _ff on some connected sums of finite number of x S'^ CP2, 
CP2, and K3 surfaces, where k > 2, and H is any finite group acting 
freely on S^. 



1. Introduction 

Let M be a smooth closed oriented manifold of dimension 3 or 4. A 
second cohomology class of M is called a monopole class if it arises as the 
first Chern class of a Spin'^ structure for which the Seiberg-Witten equations 
admit a solution for every choice of a Riemannian metric. Clearly a basic 
class, i.e. the first Chern class of a Spin'^ structure with nonzero Seiberg- 
Witten invariant is a monopole class. However, the ordinary Seiberg-Witten 
invariant which is gotten by the intersection theory on the Seiberg-Witten 
moduli space is trivial in many important cases, for example connected sums 
of 4-manifolds with 6^ > 0. 

Bauer and Furuta [H |5] made a breakthrough in detecting a monopole 
class on certain connected sums of 4-manifolds. Their new brilliant idea is 
to generalize the Pontryagin-Thom construction to a proper map between 
infinite-dimensional spaces, which is the sum of a linear Fredholm map and 
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a compact map, and take some sort of a stably- framed bordism class of 
the Seiberg-Witten moduli space as an invariant. However its applications 
are still limited in that this new invariant which is expressed as a stable 
cohomotopy class is difficult to compute, and we are seeking after further 
refined invariants of the Seiberg-Witten moduli space. 

In the meantime, sometimes we need a solution of the Seiberg-Witten 
equations for a specific metric rather than any Riemannian metric. The case 
we have in mind is the one when a manifold M and its Spin'^ structure s 
admit a smooth action by a finite group G and we are interested in finding 
a solution of the Seiberg-Witten equations for any G-invariant metric. 

Thus for a G-invariant metric and perturbation, we consider the G-monopole 
moduli space X consisting of G-invariant solutions modulo gauge equivalence. 
One can easily see that the ordinary moduli space Tl is acted on by G, and X 
turns out to be a subset of its G-fixed point set. The intersection theory on 
X will give the G-monopole invariant SW^^ ^ defined first by Y. Ruan |29] . 
which is expected to be diff'erent from the ordinary Seiberg-Witten invariant 

In view of this, the following definition is relevant. 

Definition 1. Suppose that M admits a smooth action by a compact Lie 
group G preserving the orientation of M . 

A second cohomology class of M is called a G-monopole class if it arises 
as the first Chern class of a G-equivariant Spin'^ structure for which the 
Seiberg- Witten equations admit a G-invariant solution for every G-invariant 
Riemannian metric of M . 

When the G-monopole invariant is nonzero, its first Chern class has to 
be a G-monopole class. As another invariant for detecting a G-monopole 
class, one can also generalize the Bauer-Furuta invariant BFm,s in [U [5] to 
the so-called G -Bauer-Furuta invariant BF^^^, which is roughly the stable 
cohomotopy class of the monopole map between G-invariant subsets of the 
associated Hilbert bundles over T^^^^^ where 6i(M)*^ is the dimension of 
the space of G-invariant harmonic 1-forms on M. This should be distin- 
guished from the G-equivariant Bauer-Furuta invariant in \35\ [26], which 
is the stable G-homotopy class of the monopole map between the original 
Hilbert bundles over the Picard torus T^'^i^'^) , 

Using these invariants, we find G-monopole classes in some connected 
sums which have vanishing Seiberg-Witten invariant : 

Theorem 1.1. Let M and N he smooth closed oriented 4^-manifolds satis- 
fying 6^(M) > 1 and 6^(A^) = 0, and Mj^ for any k > 2 be the connected 
sum ■ ■ ■ ^M^N where there are k summands of M . 
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Suppose that N admits a smooth orientation-preserving 'Lk-O'Ction with at 
least one free orbit such that there exist a Zk-invariant Riemannian metric 
of positive scalar curvature and a Ijk-equivariant Spin^ structure Sn with 

cf(SAr) = -b2{N). 

Define a Zk-action on induced from that of N and the cyclic permu- 
tation of the k summands of M glued along a free orbit in N, and let 5 be 
the Spin^ structure on Mk obtained by gluing 5n and a Spin'' structure s of 
M. 

Then for any Z^-action on 5 covering the above "L^-action on Mk, SW^^ _ 

mod 2 is nontrivial if SWm,s fnod 2 is nontrivial, and also BF^^ _ is non- 
trivial, if BFm,s is nontrivial. 

As an application of a G-monopole class to differential topology, we can 
detect exotic smooth group actions on some smooth 4-manifolds, by which 
we mean topologically equivalent but smoothly nonequivalent actions. We 
say that two smooth group actions Gi and G2 on a smooth manifold M is 
C™-equivalent for m = 0, 1,-- - ,00, if there exists a C™-homeomorphism 
f : M ^ M such that 

Gi = foG2of-\ 

Such exotic smooth actions of finite groups on smooth 4-manifolds have been 
found abundantly, for eg, [121 El El [21 [El [Ml [H] . But all of them are either 
free or cyclic actions. 

In the final section, we use G-monopole invariant to find infinitely many 
non-free non-cyclic exotic group actions. For example, for any k > 2 and 
finite group H acting freely on S^, there exist infinitely many exotic non-free 
actions of © on some connected sums of finite number of S'^ x S^, CP2 , 
CP2, and K3 surfaces. 

The above theorem may be generalized to other types of A^, and we leave 
a more complete study to a future project. Applications to Riemannian 
geometry such as G-invariant Einstein metrics and G-Yamabe invariant are 
rather straightforward from the curvature estimates, and will be dealt with 
in a forthcoming paper |34] . 

2. G-MONOPOLE INVARIANT 

Let M be a smooth closed oriented 4-manifold. Suppose that a compact 
Lie group G acts on M smoothly preserving the orientation, and this action 
lifts to an action on a Spin"^ structure s of M. Once there is a lifting, any 
other lifting diff^ers from it by an element of Map{G x M,S^). We fix a 
lifting and put a G- invariant Riemannian metric g on M. 

The corresponding spinor bundles W± are also G-equivariant, and we 
let T{W±)'^ be the set of its G-invariant sections. When we put G as a 
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superscript on a set, we always mean the subset consisting of its G-invariant 
elements. Thus A{W+)'^ is the space of G-invariant connections on det(W+), 
which is identified as the space of G-invariant purely-imaginary valued 1- 
forms r(A^(M;iM))'^, and G'^ = Map{M,S^)^ is the set of G-invariant 
gauge transformations. 

The perturbed Seiberg-Witten equations give a smooth map 

H : A{W+f X r{W+f X r{Al{M;iR)f r{W-f x r(A^(M;iR))^ 

defined by 

H{A,^,e) = {DA^,F+-^(g)^* + ^Id + e) , 

where the domain and the range are endowed with Lf^^ and Sobolev 
norms for a positive integer I respectively, and Da is a Spin'^ Dirac operator. 
The G-monopole moduli space Xe for a perturbation e is then defined as 

Xe := H-\0)/g^ 

where denotes H restricted to A{W+)^ x r{W+)'^ x {e}. 

Lemma 2.1. The quotient map 

p : A{w+f X {riw+f - {0}) ^ {A{w+f X {r{w+f - {o}))/g 

is bijective, and hence Xe is a subset of the ordinary Seiberg- Witten moduli 
space Re- 
proof. Obviously p is surjective, and to show that p is injective, suppose that 
(Ai,$i) and (^2,^2) in A{W+)'^ x (r(W+)'^ - {0}) are equivalent under 
^ eg. Then 

Ai = A2 ~ 2dhi^, and $1 = 7$2- 
By the first equality, din 7 is G-invariant. 

Let S be the subset of M where 7 is G-invariant. By the continuity of 7, 

5 must be a closed subset. Since S contains a nonempty subset 

{x G M|$i(x) / 0}, 

S is nonempty. It suffices to show that S is open. Let xq G S. Then we have 
that for any g & G, 

5* In 7 (xq) = In 7(2:0), and g*dlii^ = dlnj, 

which implies that g'* ln7 = In 7 on an open neighborhood of xq on which 
g* In 7 and In 7 are well-defined. By the compactness of G, there exists an 
open neighborhood of xq on which g* In 7 is well-defined for all g G G, and 
In 7 is G-invariant. This proves the openness of S. □ 

The transversality is obtained by a generic G-invariant self-dual 2-form : 
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Lemma 2.2. H is a submersion at each {A,^,e) G H ^(0) for nonzero 

Proof. Obviously dH restricted to the last factor of the domain is onto the 
last factor of the range. Using the surjectivity in the ordinary setting, for 
any element -0 S T{W-)'-^, there exists an element {a,(p) G .4(W+) x r(VF+) 
such that dH{a,ip,0) = ijj. The average 



{d,ip)= / h*{a,(p) diJ,{h) 

Jg 



using a unit-volume G-invariant metric on G is an element of A{W^)'-' x 
r(M^_l_)'^. It follows from the smoothness of the G-action that every h*{a, ip) 
and hence (a, (p) belong to the same Sobolev space as (a, ip) Moreover it still 
satisfies 

dH{a, 0) = f dH{h* (a, (p, 0)) dfi{h) 
Jg 

h*dH{{a,ip,0)) dii{h) 



G 

= ! h*2p dn(h) 
Jg 

= ^, 

where we used the fact that dH is a G-equivariant differential operator. This 
completes the proof. □ 

We will assume that 6^(M)*^ which is the dimension of the space of G- 
invariant self-dual harmonic 2-forms of M is nonzero. Then Xe consists of 
irreducible solutions, and is a smooth manifold for generic e by the Sard- 
Smale theorem. From now on, we will always assume that a generic e is 
chosen so that is smooth, and often omit the notation of e, if no confusion 
arises. 

Its dimension and orientation can be read from the G-equivariant elliptic 
complexes 

d+ + 2d* : T{A^ f r(A° © A^)^ 

and 

Da : ^{W+f r(I^_)^ 

using the index theory in the same way as the ordinary Seiberg-Witten 
moduli space. 

Theorem 2.3. When G is finite, Xe for any e is compact. 

Proof. Following the proof of the ordinary Seiberg-Witten moduli space, we 
need the G-equivariant version of the gauge fixing lemma. 
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Lemma 2.4. Let £, be a G-equivariant complex line bundle over M with a 
hermitian metric, and Aq be a fixed G-invariant smooth unitary connection 
on it. 

Then for any I > there are constants K,C > depending on Aq and 
I such that for any G-invariant Lf unitary connection A on £, there is a 
G-invariant L'i_^_-^ change of gauge a so that cr*{A) = Aq -\- a where a G 
Lf{T*M <SiiM.)^ satisfies 

d*a = 0, and ||a||^2 < C||FJ|||2 ^ + iiT. 

Proof. We know that a gauge-fixing a with the above estimate always exists, 
but we need to prove the existence of G-invariant a. Write A as Ao-\-a where 
a G Lf{T*M(E)iR)'^. Let a = a^''''"' + df + d* (3 be the Hodge decomposition. 
By the G-invariance of a, so are a^"'^'"^,df and d*f3. Applying the ordinary 
gauge fixing lemma to Ao-\- d*l5, we have 

\\d*/3\\l^ < C'\\Fl^,,^\\l^_^ +K' = C'WFtWl.^^ + K' 

for some constants C", K' > 0. Defining a G-invariant iM-valued function 
fav = Y.geG9*f, we have 

df = T^^^9*df = d{fav) = -dlnexp(-/a^), 

and hence df can be gauged away by a G-invariant gauge transformation 
exp{—fav)- Write a'*"^"^ as {n\G\ + m)a^ for m € [0, |G|) and an integer 
n > 0, where G H^(M;'Ii)'^ is not a positive multiple of another element 
of H^{M;Z)^. There exists a e Q such that a'* = —dlna. In general a is 
not G-invariant, but 

\G\a^ = Y,9*a'' = -dlnllg*a, 

g&G gGG 

and hence n\G\a^ can be gauged away by a G-invariant gauge transformation 
Tlgeod*^^- summary, Aq -\- a is equivalent to + Tia'^ -|- d*P after a 
G-invariant gauge transformation, and 

\\ma''-hd*l3\\l, < (||ma'^|L2 + ||d*/3|L2)2 

< |Gp||a'^||^, + 2|G|||a'^|L2|K/3|L2 + ||d*/3||2, 

< 3\G\^\\a''\\l2+3\\d*P\\l2 
= K" + 3C'\\F+\\l2_^+3K' 

for a constant K" > 0. This completes the proof. □ 
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Now the rest of the compactness proof proceeds in the same way as the or- 
dinary case using the Weitzenbock formula and standard ehiptic and Sobolev 
estimates. For details the readers are referred to (23] . □ 

Remark If G is not finite, Xs may not be compact. 

For example, consider M = xY with the trivial Spin'^ structure and its 
obvious action, where y is a closed oriented 3-manifold. For any n G Z, 
nd9 where 6 is the coordinate along is an S'^-invariant reducible solution. 
Although ndO is gauge equivalent to 0, but never via an (S^-invariant gauge 
transformation which is an element of the pull-back of C°^{Y, S^). Therefore 
as n — )• cx), nd9 diverges modulo which proves that is non-compact. 
□ 

In the rest of this paper, we assume that G is finite. Then note that G 
induces smooth actions on 

C := A{W+) X T{W+), 

B* = {A{W+) X {T{W+) - {0}))/g, 

and also the Seiberg-Witten moduli space 9Jt whenever it is smooth. 

Since is a subset of e-perturbed moduli space Tig, (actually a subset of 
the fixed locus 9JT^ of a G-space OJlg), we can define the G-monopole invari- 
ant SW^ g by integrating the same cohomology classes as in the ordinary 
Seiberg-Witten invariant SWm,s- Thus using the Z-algebra isomorphism 

fiM,s ■■ Z[Ho{M;Z)] (8 A*//i(M;Z)/torsion ^ H*{B*;Z), 

we define it function 

W^^, : Z[Ho{M;Z)] (E) A*i7i(M; Z)/torsion ^ Z 

c ^ (X,^M,s(c)), 

which is set to be when the degree of /x(c) does not match dimX. To be 
specific, for c € iJi(M, Z), 

fiA^c) := Hoi:{[d6]) 

where [d9] = 1 G H^{S^,'L) and Hole : B* ^ is given by the holonomy 
of each connection around c, and ij,m,s{U) for [/ = 1 G Ho(M,Z) is given by 
the first Chern class of the 5^-bundle 

b: = iAiW+) X (r(T^+) - {o}))/g, 

over B* where Go = {g & S\g{o) = 1} is the based gauge group for a fixed 
base point o G M. 
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As in the ordinary case, SW^^ ^ is independent of the choice of a G- 
invariant metric and a G-invariant perturbation e, if 6^(M)'-' > 1. When 
62^ (M)*^ = 1, one should get an appropriate wall-crossing formula. 

If no confusion arises, we will sometimes abuse notation to denote 

V 

I 2 I 

just by 5*1^^ ^. For an invariant as a G-manifold, we define the G-monopole 
polynomial of M as 

s 

where the summation is over the set of all G-equivariant Spin'^ structures. 

When 9JI happens to be smooth for a G-invariant perturbation, the in- 
duced G-action on it is a smooth action, and hence dJl^ is a smooth sub- 
manifold. Moreover if the finite group action is free, then vr : M — )• M/G 
is a covering, and s is the pull-back of a Spin'^ structure on M/G, which is 
determined up to the kernel of vr* : H^{M/G,Z) H^{M,Z), and all the 
irreducible solutions of the upstairs is precisely the pull-back of the corre- 
sponding irreducible solutions of the downstairs : 

Theorem 2.5 ( [30', ^25]). Let M and G be as above. Under the assump- 
tion that G is finite and the action is free, for a G-invariant metric and 
perturbation 

^M,s = '^M/G,B' and 9Ka/ J ^ ]J ^m/g,s'+c, 

cGker tt* 

where the second one is a homeomorphism in general, and 5' is the Spin^ 
structure on M/G induced from 5 and its G-action. 

Finally we remark that the G-monopole invariant may change when a 
homotopically different lift of the G-action to the Spin"^ structure is chosen. 
For more details, the readers are referred to [9| [27]. 

3. G-Bauer-Furuta invariant 

For a more refined invariant to find a G-monopole class, one can also 
define G-Bauer-Furuta invariant in the same way as the ordinary Bauer- 
Furuta invariant. 

Let Aq € A{W-^-)'^ . Using the free action of the G-invariant based gauge 
group on {Aq -\- iker d)*^ C A{W+)^, one gets the quotient 

{Ao + ikevdf/g^ 
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which is diffeomorphic to 6i(M)*^-dimensional torus T^ii^'^)^ ^ and will be 
denoted by Pic^{M)^ 

For an integer m > 4, define infinite-dimensional Hilbert bundles £ and 
T over Pic^{M) by 

£ = i{Ao + ikerdf x {L^^^iW+f ® Ll^.iA'uf e H'iMf))/g^ 

and 

T = {{Ao+ikevdfx{Ll{W_f®Ll{AlMf®Ll{A''Mf@H\Mf))/g^ 

where all the forms are purely-imaginary-valued, and acts only on the 
connection part and the spinor parts. 

The G-monopole map :£"—)• is an S^-equivariant continuous fiber- 
preserving map defined as 

[A, CD, a, /] ^ [A, DA+a^, - <^ ® + ^Id, d*a + /, a'^'^^™], 

which is fiberwisely the sum of a linear Predholm map and a nonlinear com- 
pact map. Note that 

^"""^(zero section)/5^ 

is exactly the G-monopole moduli space. The important property that the 
inverse image of any bounded set in is bounded follows directly from the 
corresponding boundedness property of the ordinary monopole map. 

Our G-Bauer-Furuta invariant is then defined as the homotopy class of this 
G-monopole map in the set of the S'^-equivariant continuous fiber-preserving 
maps which differ from the G-monopole map by the fiberwise compact per- 
turbations and have bounded inverse image for any bounded set in J^. 

To express the G-monopole map as an S'^-equivariant stable cohomotopy 
class, we take an 5^-equivariant trivialization T ~ Pic^{M) x lA with the 
projection map w : J- ^lA, and take finite-dimensional approximations of 

w o H : £ ^U. 

Define an S'^-equivariant stable cohomotopy group 

7r°i^^(Pic^(M); ker(L>)^ 6 coker(L>)^ e i^+(M)^) 

as 

C0limc;[5^ A r(ker(Z))^), A ^-(cokcrCD)^)®//^ (M)^ ^ gO^S^ ^ 

^Here we are using the assumption that G is finite to show that the rank of the sublattice 
of H^{M;Z)'^, which is generated by is h^{M)^ . For a G H^{M;1)°, let a = ding 
for g £Qo- Then 

\G\a = h*dlng = din Y\ h*g. 
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where U runs all finite dimensional real vector subspaces of U transversal to 
cc7(coker(L»)'^) Hl{M)^ . Here T{E) A S"^ denotes the smash product of 
the Thom space of a vector bundle E and the one-point compactification of 
a vector space VF, and 

ker(L>)^ e coker(L>)^ Q i/+(M)^ G K^{Pic^{M)) 

is the difference of the virtual index bundle of the Spin"^ Dirac operator 
Da : ^ L^(TF_)^ and the trivial bundle of rank 6^(M)G. 

Then our G-monopole map gives an element BF^^^ in the above stable 
cohomotopy group, which we call the G-Bauer-Furuta invariant of (M, s). 
Most importantly 

Theorem 3.1. If BF^j^ is nontrivial, then ci(s) is a G-monopole class. 

Proof. The method is the same as the ordinary Bauer- Furuta invariant BFm^s 
For a proof, see [20] . □ 

4. Connected sums and Z^-monopole invariant 

For (Mfc,s) described in theorem 11.11 there is at least one obvious Z^- 
action on s coming from a Z^-action on 5n and Z^-equivariant gluing of k- 
copies of s. We will call such an action "canonical" and denote its generator 
by T. Any other lifting of the Z^-action on is given by a group generated 
by o T where g is a gauge transformation of s, i.e. the multiplication by a 
smooth S^-valued function on M^. 

In general, there are homotopically inequivalent liftings of the Z^-action 
on Mfc, but we have 

Lemma 4.1. Any lifted action on 5 can be homotoped to another lifting 
which is equal to a canonical lifting on the cylindrical gluing regions. 

Proof. Let a be a generator of a Z^ action on s covering the Z^-action on 
Mfc. For the trivialization of the Spin"^ structure on the k cylindrical regions 
Uj^-^^Uj where each Uj is diff^eomorphic to x [0, 1] such that the generator 
r of a canonical action acts as the multiplication by 1 there, 

covering the identity map from Uj to f/j+i is given by the multiplication by 

gi<x, ^ ^oo^^s X [o,i],5i). 

Since = Id., 

k 

aj = mod 27r. 
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By the fact that H^{S^ x [0, 1];Z) = 0, any two gauge transformations 
on X [0, 1] can be homotoped to each other, and hence one can easily see 
that there exists a smooth relative homotopy 

Hj{x,t) : {S^ X [0,1]) X [0,1] ^ 

such that 

Hj{x, •) = e^^^(^) for all x e x {0, 1}, 
l)ls3x[i,§]x{i} = 1- 

But nj=i may not be 1 to fail to form a group Z^. To remedy this, 
modify Hj, by 

k 

Hk := -fffc • JJ Hj 
i=i 

which is also a smooth relative homotopy satisfying the above three proper- 
ties and produces 

k-l 

i=i 

Therefore we have obtained a homotopy of the initial action to the action 
which is trivial on each S'^ x [|, |], while keeping equal to the initial action 
outside yJ-=iUj . □ 

By our assumption of b'^iMk)'^'' = b2{M) > 1, this homotopy of the 
action does not change the Z^-monopole invariant and also obviously the G- 
Bauer-Furuta invariant. From now on we always assume that the Z^-action 
on s is equal to a canonical action on the cylindrical gluing regions, and take 
a trivialization of the Spin'^ structure of k cylindrical gluing regions so that 
a canonical action acts as the multiplication by 1. 

Theorem 4.2. Let (Mfc,s) be as in theorem \l.l\ and d > be an integer. 
If Hi{N; M)^* = 0, then for a which is either 1 or ai A ■ ■ ■ A aj 

SW^^ .{W^a) = SWm,s{U'^(^) ^od 2, 

where U denotes the positive generator of the zeroth homology of or 
M, and each € Hi{M;'L) / torsion also denotes any of k corresponding 
elements in Hi{Mk;Z) by abuse of notation. 
If Hi{N;R)^'= ^ 0, then 

SW^^^ .{V^a A 61 A • • • A 6^) = SWM,B{U'^a) mod 2, 
where {61, • • • ,by} C Hi{Mk; Z) gives a basis of Hi{N; R)^'= . 
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Proof. First we consider the case when the action on N is not free. 

We take a Z^-invariant metric of positive scalar curvature on A^. In order 
to do the connected sum with k copies of M, we perform a Gromov-Lawson 
type surgery jTSj |32] around each point of a free orbit of Zk keeping the pos- 
itivity of scalar curvature to get a Riemannian manifold with cylindrical 
ends with each end isometric to a Riemannian product of a round /S^ and 
M. We suppose that this is done in a symmetric way so that the Z^-action 
on N is isometric. 

On Af part, we put any metric and perform a Gromov-Lawson surgery 
with the same cylindrical end as above. Let's denote this by M. Now 
chop the cylinders at sufficiently large length and then glue and /c-copies 
of M along the boundary to get a desired Z^-invariant metric gk on M^. 
Sometimes we abuse the notation M^, to mean {M^^g}^). 

Let's find out the ordinary moduli space '^m^ {^k-,^)- Let SO^jq^ and 
SOi^ be the moduli spaces of finite-energy solutions of (M,s) and [N,5n) 
respectively. 

By the gluing theorjQ of the moduli space, which is now a standard method 
in gauge theory, '^^^ is diffeomorphic to OJIa/. In we use a compact- 

supported self-dual 2-form for a generic perturbation. 

Since has a metric of positive scalar curvature and the property that 
6^(iV) = and cf(s^) = —b2{N), N also has no gluing obstruction even 
without perturbation so that 

which can be identified with the set of L^-harmonic 1-forms on N modulo 
gauge, i.e. 

(Here by we mean a point, and OK^^"^ C 93T denotes the moduli space of 
reducible solutions.) 

As is well-known, approximate solutions on are obtained by chopping- 
off solutions on each M and iV at a large cylindrical length and then grafting 
them to Mfc using a Zj^-invariant partition of unity. This gluing process 
commutes with gauge transformations which are constant on gluing regions. 
But one can take local slices so that their transition functions are gauge 



^For more details, one may consult [28l [31] 1371 133] |2T] . 
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transformations which are constant on gluing regions. Thus we have a well- 
defined gluing of moduli spaces to get a so-called approximate moduli space 



= {{mj^j X • • • X mj^y)xT''-^) X T^^(^\ 



where 971°^ is the based moduli space fibering over 971^ with fiber Qo/ G = S^, 
and X means a r'^-i-bundle over 9Jt,-f x • • • x 



There is a diffeomorphism 

given by a very small isotopy in 55*, once we choose a normal bundle of 
^M^, in ^* ■ They get close exponentially as the length of the cylinders in 
Mfc increases. 

An important fact for us is that the same k copies of a compactly sup- 
ported self-dual 2-form can be used for the perturbation on M parts, while 
no perturbation is put on the part. Along with the Zfc-invariance of the 
Riemannian metric g^, the perturbed Seiberg-Witten equations for {Mk^g^) 
are Z^-equivariant so that the induced smooth Z^-action on B* maps ^m^, 
to itself. 

Let's describe elements of QJ^m^ for (Mk,gk)- Let [^] € where [ ] 

denotes a gauge equivalence class from now on. Let ^ be an approximate so- 
lution of ^ cut-off at large cylindrical length, and ^(0) be its gauge-transform 
under the gauge transformation by e'^ G C°°{M,S^). (From now on, the 
tilde ~ of a solution will mean its cut-off.) Any element in '^m^, can be 
written as an ordered {k + l)-tuple 

Kiiiei),--- ,UOk),^)] 

for each [^j] G constants 0j's, where the i-th term for i = 1, ■ ■ ■ ,k 

represents the approximate solution graftecH on the i-th M summand, and 
the last term is a chop-off of rj £ Wl^'^J^. We still have to mod out these 



Here, grafting over each M part is done via the identification of the Spin'^ structure 
of each M part using a canonical action. Thus a canonical action t on it is given by the 
permutation of approximate solutions on M parts, i.e. 
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{k + l)-tuples by 5^, and hence there is a bijective correspondence 
(4.1) Ttj^, 

l\ 

{[(iiiOi),--- ,4-i(^fc-i),4(o),r?)] I W G an^jed g a^M,^^ e [o,27r) vi}, 

when the cut-off is done at sufficiently large cylindrical length. 

In taking cut-offs of solutions on N, we will use special a slice, i.e. a gauge 
representative of SQl^y = T^^^^^ Fix a Z^-invariant connection rjo such that 
[r/o] S which exists by taking the Z^-average of any reducible solution, 
and take compact-supported closed 1-forms /3i , • • • , /3fej (jv) which compose 
a basis of H^p^{N;7j) and are zero on the cylindrical gluing regions. Any 
element [r]] G 9?^^ can be expressed as 

V = Vo + '^ CiPi 

i 

for Cj G M/Z, and the gauge equivalence class of its cut-off 

i 

for a (Zfc-invariant) cut-off function p is well-defined independently of the 
mod Z ambiguity of each Cj. 

We let cr be a generator of the Z^-action. By lemma HTl a is equal to 1 
on the cylindrical gluing regions, and hence a can be obviously extended to 
an action on the Spin'^ structure of iV U U^^-|^M and also its moduli space of 
finite-energy monopoles. By the Z^-invariance of p 

a*r] = cr*{pr]) = pcr*rj = a*rj, 

and thus 

(4.2) ^ 

where all e*"^' G C^{M , S^) are equal to 1 on the cylindrical gluing regions 
and satisfy 

k 

CTj = mod 2tt. 

i=l 

Lemma 4.3. The Z/.-action on B* maps , to itself. 
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Proof. Since a*(3i also gives an element of H^pf{N; Z), let's let a*(3i be coho- 
mologous to Ylj dij/3j for each i. Thus 

a*r] = pa*{r]o + ^ a/Si) = pj^g + ^ CiU* /3i 

i i 

is gauge-equivalent to 

which is the cut-off of 7]q + Ci4ijf3j. Also using the fact that all e*'^J are 
also 1 on the cylindrical gluing regions so that they can be gauged away by a 
global gauge transformation on without affecting a*rj, the RHS of (14. 2|) 
is gauge-equivalent to 

which is an approximate solution. □ 

Moreover we may assume that T is Z^,-equivariant by the following lemma. 

Lemma 4.4. T can be made Zk-squivariant, and the smooth submanifold 
pointwisely fixed under the action is isotopic to the fixed point 

set in SJTmj. . 

Proof. To get a Z^-equivariant T which is determined by the choice of a 
smooth normal bundle of ^m^, in 55*, we only need to choose the normal 
bundle in a Z^.-equivariant way. This can be achieved by taking the Z^- 
average of any smooth Riemannian metric defined in a small neighborhood 
of S^Mj.- The second statement is now obvious. □ 

As a preparation for finding Z^-fixed points of ^m^, , 
Lemma 4.5. 

N ~ N — ^ ■ 

Proof. It's enough to show Tl^ C jC^. Suppose [r/] e Tl^ , i.e. [cr*ri] = [rj]. 
Then 

k 



1=1 



lav • 



satisfies that 

blav] = [n], and a*r]av = Va 
Since (cT*)*ry for all i is a reducible solution, so is their convex combination 
rjav This completes the proof. □ 
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Lemma 4.6. The fixed point set is dijjeomorphic to k copies of 

where means a point. 

Proof. The condition for a fixed point is that 

modulo gauge transformations. By (14.ip this imphes 

Ki] = [6] = • • • = [4] e aJT^^, and [a*r?] = [r/] € 9JT^, 

and 

= 6*1 + 61, ei = e2 + e,---,ek-i=0 + 9 mod27r 
for some constant 9 G [0, 27r). Summing up the above k equations gives 

= ke mod 27r, 

and hence 

27r 2(fc-l)7r 

^ = °'T'---' — k — ' 

which lead to the corresponding k solutions 

(4.3) [(|((fc_i)0),|((A:-2)0),... ,e»,e(0),r?)] 

for Tj ^ Xfj, where we let = for all i. Therefore S^^j is diffeomorphic to 
copies of STRj^^ X T'^. ' □ 

Lemma 4.7. is diffeomorphic to DJIm x T'^ ■ 

Proof. Let 

fe-l k-l 

Ee = (|((A: - 1)6 -J2ai),i{{k - 2)9 -^ai), ■■■ ,^{6- ak_i),m,v) 

i=l i=2 

for ^ € ^ Because all e^'^^ are also 1 on the cylindrical gluing 

regions, the gauge-equivalence class [Eg] is equal to the above ()4.3p . and 
moreover it has a nice property 

Jd ^ 
a ^g = e ■ r.g, 

where • denotes the gauge action. 

Recall that the canonical local slice at non-reducible (vl, <&) is given by 

V,*) = ^ r(Ai(Mfc;iR) e 2d*a-ilm{ip^) =0}. 
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Let Eg £ be the unique solution corresponding to Rq under T. Letting 



a*S^ = {(a,^p) £T(A^(Mk;im)®TiW+)\2d*a-iIm(^pei(>^g) = 0} 
= {(a,^) er{A\Mk;iR))(BT{W+)\ 2d*a - ilm{e^'^ ip¥^) = 0} 
= {(a,e'V) G r{A\Mk;iR))®r{W+)\ 2d*a - ilmi^W^) = 0} 

where the first equality is due to the Zj^-invariance of the metric ■ 
By the Zfe-equivariance of T, 

= cT*T{[Ee]) 
= T(a*[H,]) 
= r{[a*Ee]) 
= T([e^^.S,]) 
= [e^'-Eo]. 

Therefore 

(4.4) a*Eg = e''-Ee, 

because a* Eg and e*^ • Eg are respectively the unique representatives of 
T([a*Eg]) = T([e'^ • Eg]) in the slices a*Se; and e*^ • S.~ which are equal. 

Thus a*Eo = Eq implies that contains a copy of WImxT". The reason 
why that's all is the consequence of the following sublemma, completing the 
proof. □ 

Sublemma 4.8. Let a be a solution of the Seiberg-Witten equations of 
{Mk,s) satisfying 

a*a = e^^ • a 

for 9 = 0,^, - ■ ■ , Hi^^iil, Then the subset of Z^-invariant elements in the 
gauge orbit Q ■ a is 

g'^k.a if 9 = 0, 

and empty otherwise. 

Proof. Let g & Q. Suppose that a*{g ■ a) = g ■ a. Then combined with that 

= a*ig)-{e''-a) 
= {a*{g)e'')-a, 

it follows that 

g-a = {a*ig)e''')-a, 
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which imphes that 

where we used the continuity of g and the fact that the spinor part of a is 
not identically zero on an open subset by the unique continuation property. 
Therefore 

(4.5) (a")*(5) = (a*r(<7) = <7e-'"' 

for any n G Z. 

Now if = 0, (14. 5p with n = 1 gives g € as expected. For other values 
of 9, choose a point p € with a nontrivial stabilizer group Zi under the 
Zfc-action@ Then evaluating (14.50 with n = Z at the point p gives 

9 = ae-^'' 

which yields a desired contradiction. □ 
We claim that the /i cocycles on 9JTm x and jCjg^ coincidejl i.e. 

for Oi and 6j as in the theorem statement, where the the equality means the 
identification under the above diffeomorphism. The first equality comes from 
that the holonomy maps Holai defined on ^Rm and ^R^-j^ are just the same, 
when the representative of Oj is chosen away from the gluing regions. Using 
the isotopy between 9?t^^^ and the induced maps Hoi*, to H^{TIm', Z) 

and i^^j j ^) are the same so that 

^Af,s(ai) = Holl^{[de]) = HM^^^iai) 

for each i. Likewise for the second equality. The third equality comes from 
that the 5^-fibrations on TIm and VJl^- induced by the G/Go action are the 
same, while T'^ is fixed under G/Go action. 

Finally we come to the evaluation of the Seiberg-Witten invariant on . 
If / 0, then fi{bi) A • • • A is a generator of H'^ {T'^ ; X) , and hence it 

follows from the above identification of /x-cocycles that 



SW^l.{U\ A • • • A 6,) = SWmAU") mod 2, 
and 

SW^^^ -{U'^ai A • • • A A 6i A • • • A 6^) = SWM,s{U'^ai A ■ ■ ■ A aj) mod 2. 



^This is the only place we use the condition that the action on A*' is not free. 
^In fact, this is also true for any other component of • 
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The case of z/ = is just a special case. (If the diffeomorphism between 
and OJIm X T""^ is orientation-preserving, then both invariants are exactly the 
same.) 

If the action on N is free, then applying theorem 12 .51 and the gluing theory, 
we have diffeomorphisms 

%4,s - ^M#N/Zk,s#s'j, 

where is the Spin'^ structure on N/Zi^ induced from sjy and its action 
induced from that of s. The rest is the same as the non-free case. □ 

Remark We conjecture that the above diffeomorphism between and 
9JTm X is orientation-preserving, when the homology orientations are ap- 
propriately chosen. 

One may try to prove X^j^ ~ TIm x T'^ by gluing G-monopole moduli 
spaces directly. But the above method of proof by gluing ordinary moduli 
spaces also shows that is diffeomorphic to k copies of SOTm x T*^. □ 

Theorem 14.21 gives a proof of the statement in theorem 11.11 on the G- 
monopole invariant. The statement about the G-Bauer-Furuta invariant 
will be proved in the next section. 

Finally we shall give some examples of {N,5n) in theorem II. 1[ 

Lemma 4.9. On a smooth closed oriented ^-manifold N with h2{N) = 0, 
any Spin'^ structure 5 satisfies 

c?(s) < -62 (iV), 

and the choice of a Spin^ structure 5n satisfying cf (sat) = —b2{N) is always 
possible. 

Proof. If 62 (A^) = 0, it is obvious. The case of 62 (A^) > can be seen as 
follows. Using Donaldson's theorem [10^ lllj. we diagonalize the intersection 
form Qj\[ on H'^{N; Z) /torsion over Z with a basis {qi, • • • , o;fe2(Ar)} satisfying 
QN{oii,ai) = —1 for all i. Then for any Spin'^ structure s, the rational part 
of ci(s) should be of the form 

b2{N) 

aiai 

1=1 

where each a, = 1 mod 2, because 

(5Ar(ci(s), a) = (5Ar(a, a) mod 2. 
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Consequently |oi| > 1 for all i which means 

b2{N) 

c?(6) =Y,-al< -b2{N), 
1=1 

and we can get a Spin'^ structure 5 n with 

ci(sAr) = ^^ai modulo torsion 

i 

by tensoring any s with a line bundle L satisfying 

2ci(L) + ci(s) = ai modulo torsion, 

i 

completing the proof. □ 
Theorem 4.10. Let X be one of 

S^, CP2, 5^ X (Li#---#L„), and S^L 

where each Li and L are quotients of by free actions of finite groups, 
and X L is the manifold obtained from the surgery on x L along an 

X {pt}. 

Then 

X # knZ 

for any nonnegative integer n and any smooth closed oriented 4^-manifold 
Z with b2{Z) = admitting a metric of positive scalar curvature satisfies 
the properties of N in theorem where the Spin^ structure of X^knZ is 
given by gluing any Spin^ structure 5x on X and any Spin^ structure 5z on 
Z satisfying cf (sx) = —b2{X) and c\{5z) = —b2{Z) respectively. 

Proof. First, we will define actions preserving a metric of positive scalar 
curvature. In fact, each X can be given such 5^ actions. 

For X = 5"^, one can take a Z^-action coming from any action of C 
50(5) preserving a round metric, and for X = CP2, we have the following 
action 

(4.6) X-[zo,zi,Z2] = [zo,X'^'zi,X"'^Z2] 

for A G 5^ and rrij G Z, which preserves the Fubini-Study metric. 

Before considering the next example, recall that every finite group acting 
freely on S"^ is in fact a subgroup of 0(4), and hence its quotient 3- manifold 
admits a metric of constant positive curvature. This follows from the space 
form conjecture finally proven by G. Perelman. (See |24j.) 

In X (Li^ ■ ■ ■ ^Ln), the action is defined as a rotation along the S^- 
factor, which obviously preserves a product metric where Li^ ■ ■ ■ #Ln is 
endowed with a metric of positive scalar curvature via the Gromov-Lawson 
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surgery [18j . Finally this action on x L can be naturally extended to 
X L, and moreover the Gromov-Lawson surgery [18j on x {pt} produces 
an S'^-invariant metric of positive scalar curvature. 

Now X^knZ has an obvious Z^-action induced from that of X and a Z^- 
invariant metric which has positive scalar curvature again by the Gromov- 
Lawson surgery. 

It remains to prove that the above Z^-action on X^knZ can be lifted to 
the Spin*^ structure obtained by gluing the above Sx and Sz- For this, we will 
only prove that any such 5x is Z^-equivariant. Then one can glue k copies 
of nZ in an obvious Z^.-equivariant way. Recalling that the Z^, action on X 
actually comes from an action, we will actually show the S'^-equivariance 
of 5x on X. 

On 5^, the unique Spin'^ structure is trivial. Thus any smooth action 
on S"^ which is obviously lifted to its oriented orthonormal frame bundle 
has a unique Z2-equivariant lifting to its spin bundle at least locally. To 
prove the global well-definedness of this lifting, it's enough to show that the 
monodromy is trivial around an orbit in S'^, because the orbit space is con- 
nected. Around any free orbit, one can trivialize the oriented orthonormal 
frame bundle so that the action on the bundle is trivial. This proves 
that the triviality of the monodromy of the induced local action on the Spin 
bundle around the orbit. Thus we have a global induced action on the 
spin bundle, and this action is trivially extended to (Spin bundle) (8) and 
also to its Z2-quotient, i.e. the trivial Spin'^ structure by the Z2-equivariance 
of the action on the spin bundle. 

Any smooth action on CP2 is uniquely lifted to its orthonormal frame 
bundle F. Any Spin*^ structure on CP2 satisfying = — 1 is the double 
cover of F (B P OT F (B P* where P is the principal bundle over CP2 
with ci(P) = [H] and P* is its dual. Note that there is a base-preserving 
diffeomorphism between P and P* whose total space is 5^. Obviously the 
action (j4.6p is extended to 5^ C C^. Now as in the above case we trivialize 
-F © P and F Q) P* over a free orbit of CP2 so that the actions on the 
bundles are trivial, and so these S'^-actions lift to the double covers of F © P 
and F © P* respectively. 

In case of x {Li# ■ ■ ■ #Ln), any Spin^ structure is the pull-back from 
Lii^ ■ ■ ■ #Ln, and satisfies cf = = —62. Because the tangent bundle is 
trivial, a free S'^-action is obviously defined on its trivial spin bundle. Then 
the action can be obviously extended to any Spin'^ structure, because it is 
pulled-back from • • • 

Lemma 4.11. x L is a rational homology -^-sphere, and 

H'^{S^L;'L) = Hi{L;Z). 
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Its universal cover is (|7ri(L)| — l)^^ x S'^ where 0(5*^ x 5^) means S^. 

Proof. Since the Euler characteristic is easily computed as 2 from the surgery 

description, and bi{S^ x L) = bi{L) = 0, it follows that 5^ x L is a rational 
homology 4-sphere. 

By the universal coefficient theorem, 

H'^{S^L;Z) = B.om{H2iS^L;Z),Z)®'Exl{Hi{S^L;Z),Z) 

The universal cover is equal to the manifold obtained from x by 
performing surgery along x {|7ri(L)| points in 5^}, and hence it must be 
(|7ri(L)| - 1)^2 X □ 

By the above lemma, there are \Hi{L]'L)\ Spin'^ structures on x L, all 

of which satisfy c\ = = —b2{S^ x L). Let tt denote the covering map 
from the universal cover. Since i7^((|7ri(L)| — 1)S'^ x S'^;Z) has no torsion, 
ci(7r*sx) = 7r*(ci(5x)) which is torsion must be zero, and hence Tr*Sx is 
trivial. _______ 

Note that the S'-'^-action on 5^ x L can be obviously lifted to its universal 
cover. Again by checking the triviality of the monodromy around a free 
orbit in (|7ri(-L)| — 1)5'^ x 5^, one can sec that the action on its oriented 
orthonormal frame bundle lifts uniquely to its spin bundle and hence to the 
trivial Spin*^ structure Tr*Sx- 

Finally note that this trivial Spin*^ structure tt*Sx modulo the deck trans- 
formation group 7ri(5'^ x L) is Sx- Thus we need to show the liftings to 7r*5x 
of the deck transformations commute with the above 5^-action on Tr*5x so 
that this action projects down to Sx- All such possible liftings of deck 
transformations are 

Hom(7ri(5^^),5^) = Rom{Hi{S^^L;Z), S^) 

= Hi{S^L;Z) 

up to homotopy, where the second cqTiality is because Hi{S^ x L;Z) is tor- 
sion. Thus they act as constants in on the trivial Spin"^ structure 7r*Sx- 
Then they must commute with the above S^-action by the local uniqueness 
of the S'^-action on the spin bundle. 

This completes the proof. □ 



Remark In case of x L, there may be other Z^-actions satisfying our 
condition. For instance, if L is a Lens space, one can easily see that there 
are Z^-actions coming from non-free S^-actions of commuting with the 
action giving the quotient L. Moreover, one can also take a combination of 
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this action and the above defined action so that x L/J^k is an orbifold. 

□ 



5. Connected sums and Zfc-BAUER-FuRUTA invariant 
Theorem 5.1. If BFm,s is nontrivial, so is BF^ _. If bi{N)'^'' = 0, then 

Proof. Let = iV U UfLi(M U 5^) be the disjoint union of N and fc-copies 
of M U S^, and endow it with a Spin'^ structure s which is Stv on A^, s on 
each M, and the trivial Spin'^ structure Sq on each S"^. Then (Mfc,s) has 
an obvious Z^-action induced from the Z^-action on s in a unique way up 
to homotopy. (Here acts on U^^^S^ by the obvious cychc permutation, 
and on its Spin'^ structure as constants coming from the action on s over the 
cyhndrical gluing regions.) 

Just as the ordinary monopole maps shown in [5], the stable cohomotopy 
class of the disjoint union of G-monopole maps is equal to the smash product 
A of those, and hence 

t> Tp^k D Tp^k A ID fp^k 

= BFm,,ABFs.,,,ABF^^^^ 
= BFm,bABF^';^^, 

where we used the fact that BF^t^^^ is just [id] G vr^i (*) = Z, which was 
shown in [5j. 

The surgery following S. Bauer in [5] turns Mk into the union of Mk and 
/c-copies of JI S^. We perform this surgery from Mk to U Jlf^-^^S'^ in 
a Zfc-invariant way, and also "the gluing map V" from the Hilbert bundles 
on Pic^^iMk) to the Hilbert bundles on Pic^*^{Mk U Hf^^S^) in a Z^- 
invariant way. The homotopy of the ordinary monopole map of shown 
in [5j can also be done in a Z/j-invariant way. Then those G-monopole maps 
of Mk and Mk U n?^]^5^ are conjugate via "the gluing map F" up to Zfc- 
invariant homotopy. Therefore their stable cohomotopy classes are equal so 



^This method needs fc-copies of S"* in Mu for the interchange of parts to be an even 
permutation so that gluing of Hilbert bundles can be done continuously. For more details 
of gluing theory, the readers are referred to [5]- 
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that 



— RF?'= A RF^* 

— RF?* 

where we again used that BFgt g^^ = [id]. 
Therefore we obtained 

and the case of bi{N)^'' = is derived from the fohowing lemma : 
Lemma 5.2. If bi{N)^'' = 0, then BF^''^^ is the class of the identity map 

[id] G 7r°i(*) ^Z. 

Proof. The method of proof is basicahy the same as the ordinary Bauer- 
Furuta invariant in [5j. 

First, we need to show that the Z^-index of the Spin'^ Dirac operator is 
zero. Take a Z^-invariant metric of positive scalar curvature on N. Using 
the homotopy invariance of G-index, we compute the index at a Z^-invariant 
connection Aq whose curvature 2-form is harmonic and hence anti-self-dual. 

Applying the Weitzenbock formula with the fact that the scalar curvature 
of A'^ is positive, and the curvature 2-form is anti-self-dual, we get zero kernel. 
Now then from the vanishing of the ordinary index given by (cf — t{N))/8, 
the cokernel must be also zero. In particular, we have vanishing of Z^- 
invariant kernel and cokernel, implying that the Z^-index is zero. 

Then along with bi{N)^'^ = b^{N)^'' = 0, we conclude that BF^''^^ 
belongs to vr^i(*) which is isomorphic to vr^t(*) = Z by the isomorphism 
induced by restriction to the 5^-fixed point set on which the G-monopole 
map is just the linear isomorphism : 

L^+i(AiiV)^'= X H^{Nf>' Ll^{K\Nf"^ x L^(A°A^)^'= x H^iNf" 

(a,c) ^ {d+a,d*a + c,a^'''-'^), 
because it has no kernel and cokernel. This completes the proof. □ 

Now let's consider the case of 6i(A^)^'= > 1. Again the Z^-index bundle of 
the Spin'^ Dirac operator over Pic^''{N) = t^t-W^'' is zero so that BF'^''^^ 
belongs to ^Oi(r''iW^'=). 
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Following ^20j, we consider the restriction map 

to the fiber over a point in Pic^''{N). By the same method as the above 
lemma, a{BFj^''^^ ) is just the identity map. Then the restriction of BF^^ _ = 

SF^; - to 

PiJ'>^{U^^^{M U S^)) X {pt} C Pic^^iMk) = Pic^^iMk) 
is given by 

BFM,,/\a{BF^>^^J = BFM,B, 
completing the proof. □ 

6. Exotic group actions 

Following [T7], we say that a simply connected 4-manifold dissolves if it 
is diffeomorphic either to 

nCP2#mCP2 or to ± {n{S^ x S^)i^mK3) 

for some n,m > according to its homeomorphism type. We also use the 
term mod 2 basic class to mean the first Chern class of a Spin*^ structure 
with nonzero mod 2 Seiberg-Witten invariant. 

Theorem 6.1. Let M be a smooth closed 4^-manifold and {Mi\i € 3} be 
a family of smooth ^-manifolds such that every Mi is homeomorphic to M 
and the numbers of mod 2 basic classes of Mi 's are all mutually different, 
but each Miffli{S'^ x S"^) is diffeomorphic to Mf^li{S'^ x S'^) for an integer 
h > 1. 

If Imax ■= supjgj /j < oo, then for any integers k >2 and I > Imax + 1; 

klM#{l-l){S^ X S^) 

admits an 3-family of topologically equivalent but smoothly distinct non-free 
actions of (B H where H is any group of order I acting freely on . 

Proof. Think of klMff{l - 1){S'^ x 5^) as 

klMiff{l - 1){S'^ X 5^), 

and our H action is defined as the deck transformation map of the Z-fold 
covering map onto 

Mi,fc := kMiifS^L 

where x L for L = S^/H is defined as in theorem 14.101 To define a Z^- 

action, note that Mi,k has a Z^-action coming from the Z^-action of 5^ x L 
defined in theorem 14. 101 which is basically a rotation along the S'^-direction. 



26 



CHANYOUNG SUNG 



This Zfc action is obviously lifted to the above ^-fold cover, and moreover 
it commutes with the above defined H action. Thus we have an 3-family 
of Zfc © iJ actions on klMi^{l - 1)(5'^ x S"^), which are all topologically 
equivalent by using the homeomorphism between each Mj and M. 

Recall from theorem 14.101 that all the Spin^ structures on 5^ x L are Z^- 

equivariant and satisfy cf = —b2{S^ x L). By theorem 14.21 and the fact that 

bi{S^ X L) = 0, for any Spin'^ structure s on M,, 

and hence 

[q]6H2(51xL;Z) 

modulo 2. Therefore SW ^ mod 2 for all i have mutually different numbers 

of monomials, and hence the J-family of Zk®H actions on klM^(l — l){S'^ x 
5^) cannot be smoothly equivalent, completing the proof. □ 

Corollary 6.2. Let H be a finite group of order I > 2 acting freely on S^. 
For any k > 2, there exists an infinite family of topologically equivalent but 
smoothly distinct non-free actions of H on 

{Mm + I - 1){S^ X 5^), 

{kl{n -l) + l- 1){S^ X S^)#klnK3, 

{kl{2n -l) + l- l)CP2#{kl{Wn + m' - 1) + Z - 1)CP2 

for infinitely many m, and any n > 1, n' > 2, m' > 1 — 2{^ — [^1)' 

Proof. By the result of B. Hanke, D. Kotschick, and J. Wehrheim |19j . 
m{S^ X S'^) for infinitely many m has the property of M in the above the- 
orem with each li = 1. The different smooth structures of their examples 
are constructed by fiber-summing a logarithmic transform of E{2n) and a 
certain symplectic 4-manifold along a symplectically embedded torus, and 
different numbers of mod 2 basic classes are due to those different logarithmic 
transformations. Indeed the Seiberg-Witten polynomial of the multiplicity 
r logarithmic transform of E{2n) is given by 

whose number of terms with coefficients mod 2 can be made arbitrarily large 
by taking r sufficiently large, and the fiber sum with the other symplectic 4- 
manifold is performed on a fiber in an A^(2) disjoint from the Gompf nucleus 
N{2n) where the log transform is performed so that all these mod 2 basic 
classes survive the fiber-summing by the gluing formula of C. Taubes [36]. 
Therefore (Mm + / — 1)(5'^ x S'^) has desired actions by the above theorem. 
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For the second example, we use a well-known fact that E{n) also has 
the above properties of M in the above theorem with each li = 1, where 
its exotica Mj's are E{n)K for a knot K <Z hy the Fintushel-Stern knot 
surgery. Recall the theorem by S. Akbulut [Ij and D. Auckly [3j which says 
that for any smooth closed simply-connected X with an embedded torus T 
such that T - T = and 7ri(X — T) = 0, a knot-surgered manifold Xk along 
T via a knot K satisfies 

Xk#{S^ X S^) = X#{S^ X S^). 

And from the formula 

= AK{[TmT]-[T]-'r-' 

where Ak is the symmetrized Alexander polynomial of K, one can easily 
see that the number of mod 2 basic classes of E{n)K can be made arbitrarily 
large by choosing K appropriately. (For example, take K with 

2d 

AK{t) = 1 + ^(-ly (t^'" + t--'") 

3=1 

for sufficiently large d.) Therefore 

klE{2n)#{l - 1){S^ X S^) = klnK3#{kl{n - 1) + I - 1)S^ x 

has desired actions, where we used the fact that S#{S'^ x S'^) dissolves for 
any smooth closed simply-connected elliptic surface S by the work of R. 

Mandelbaum ([22]) and R. Gompf (pL6j). 

For the third example, one can take M to be E(n')^m'CP2, where its 
exotica Mj's are E{n')K#rn'CP2 for a knot K, because 

m' 

= AK{[Tf)m - [T]-^T'-'\{{m + [E^]-'). 

i=l 

where EiS denote the exceptional divisors, and we used the fact that E{n') 
is of simple type. Since E{n') for odd n' and E[n')#CP2 for any n' are 
non-spin, 

kl{E{n')i^m'CP2)#il-l){S^xS^) = kl{E{n')#m'CP2)#{l-l)iCP2#CP2), 

and it dissolves into the connected sum of Ci-*2's and CP2's, using the dis- 
solution ([221 16]) of S(n')#CP2 into 2n'CP2#{Wn' - 1)CP2. □ 

Remark When L is a Lens space, one can take other Z/^-actions on 5^ x L 
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mentioned in the remark of section 4 such that its Z^-quotient is an orbifold, 
it follows that 

Mi,fc/Zfe = Mi#(5nrL/Zfc), 

and one can use the orbifold Seiberg-Witten invariant introduced by W. Chen 
[3 |8] to show that Seiberg-Witten polynomials SW^. ^j^^ are all distinct 

and hence Mi^k/Xik are mutually non-diffeomorphic as orbifolds. This is 
another way of proving the smooth inequivalence of such Z^ © actions on 
klM#{l-l){S^ X 52). 

For other combinations of K3 surfaces and S'^ x S'^'s in the above corollary, 
one can use B. Hanke, D. Kotschick, and J. Wehrheim's other examples in 
[19j . One can also construct many other such examples of M with infinitely 
many exotica which become diffeomorphic after one stabilization by using 
the knot surgery. □ 
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